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ABSTRACT

In this paper, we consider tensor completion under adaptive
sampling of tensor (a multidimensional array) ﬁbers. Tensor
ﬁbers or tubes are vectors obtained by ﬁxing all but one index
of the array. This sampling is in contrast to the cases considered so far where one performs an adaptive element-wise
sampling. In this context we exploit a recently proposed algebraic framework to model tensor data [1] and model the
underlying data as a tensor with low tensor tubal-rank. Under
this model we then present an algorithm for adaptive sampling and recovery, which is shown to be nearly optimal in
terms of sampling complexity. We apply this algorithm for
robust estimation of RF ﬁngerprints for accurate indoor localization. We show the performance on real and synthetic data
sets. Compared to existing methods, that are primarily based
on non-adaptive matrix completion methods, adaptive tensor
completion achieves signiﬁcantly better performance.
Index Terms – Data completion, Adaptive Sampling, Tensor algebra, RF ﬁngerprinting
1. INTRODUCTION
Matrix and tensor completion from limited measurements has
recently received a lot of attention with applications to many
domains ranging from recommender systems [2], computer
vision [3, 4] to seismic data interpolation [5]. Recently adaptivity in sampling has been shown to be very powerful for both
matrix and tensor completion [11, 21]. So far these papers
have focused on adaptive sampling of tensor elements. However in some cases, it is not feasible to perform element-wise
sampling and one needs to sample an entire ﬁber of a tensor. For example, we consider the case of indoor localization
where at each location the observer samples an entire vector
of RSS signal strengths from a given set of access points. In
this case it is not immediately clear how to adaptively acquire
data, using current methods, for a robust estimation of the ﬁngerprints for all the locations. In this paper we consider such
a scenario.
In this context we exploit a recently proposed tensor algebraic framework [1], which models 3D tensors as linear
operators. In this framework one can obtain an SVD like
factorization, referred to as the tensor-SVD (t-SVD), which
is a rank-revealing factorization with extensions of the notion of column/row subspaces of a matrix to that of tensor-
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column/tensor-row subspaces. Under this algebraic framework we propose an adaptive tensor-column subspace estimation algorithm, which in essence is similar to the adaptive
column-subspace estimation algorithm proposed in [11]. Under some incoherency conditions we show that the proposed
method is nearly optimal in terms of sampling complexity.
We show the performance of the proposed method for an
RF ﬁngerprinting application, where the objective is to ﬁll in
3D RF ﬁngerprint data by adaptive spatial sampling of the received signal strength (RSS) from a set of access points (AP).
For this application, our work is very different from existing
approaches [7, 8, 13] that utilize non-adaptive matrix completion methods.
2. ALGEBRAIC FRAMEWORK FOR 3D TENSORS
Our approach rests on the algebraic framework developed and
used in [1, 4, 10]. Note that this framework is different from
the traditional multilinear algebraic framework for tensor decompositions [9] that has been considered so far in the literature for problems of completing multidimensional arrays
[22–24] with different notions for tensor rank.
Notation- A third-order tensor is represented by calligraphic letters, denoted as T ∈ RN1 ×N2 ×N3 , and its (i, j, k)th entry is T (i, j, k). A tube (or ﬁber) of a tensor is a 1-D
section deﬁned by ﬁxing all indices but one. For example,
in the RF ﬁngerprinting application, we use tube T (i, j, :) to
denote a ﬁngerprint at a spatial reference point index (i, j).
Similarly, a slice of a tensor is a 2-D section deﬁned by ﬁxing all but two indices. frontal, lateral, horizontal slices are
denoted as T (:, :, k), T (:, j, :), T (i, :, :), respectively.
For two tubes a, b ∈ R1×1×N3 , a ∗ b denotes the circular
convolution between these two vectors. The algebraic development in [1] rests on deﬁning a tensor-tensor product between two 3-D tensors, referred to as the t-product and uses
circular convolution between tubes, as deﬁned below.
Deﬁnition 1. t-product. The t-product C = A ∗ B of A ∈
RN1 ×N2 ×N3 and B ∈ RN2 ×N4 ×N3 is a tensor of size N1 ×
N4 × N3 whose (i, j)-th tube C(i, j, :) is given by C(i, j, :
N2

) =
A(i, k, :) ∗ B(k, j, :), for i = 1, 2, ..., N1 and j =
k=1

1, 2, ..., N4 .
Remark - A third-order tensor of size N1 × N2 × N3 can
be viewed as an N1 × N2 matrix of tubes that are in the third-
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Lemma 1. Best rank-r approximation. Let the t-SVD of
T ∈ RN1 ×N2 ×N3 be given by T = U ∗ Θ ∗ V  and for
r
r ≤ min(N1 , N2 ) deﬁne Tr =
i=1 U (:, i, :) ∗ Θ(i, i, :) ∗

V (:, i, :), then Tr = arg min ||T − T ||F , where T = { =
T ∈T

X ∗ Y|X ∈ RN1 ×r×N3 , Y ∈ Rr×N2 ×N3 }.
Fig. 1. The t-SVD of an N1 × N2 × N3 tensor.
dimension. So the t-product of two tensors can be regarded as
multiplication of two matrices, except that the multiplication
of two numbers is replaced by the circular convolution of two
tubes (tensor ﬁbers).
This insight allows one to treat 3-D tensors as linear operators over 2-D matrices as analyzed in [1]. Using this perspective one can deﬁne a SVD type decomposition, referred
to as the tensor-SVD (t-SVD). To deﬁne the t-SVD we introduce a few deﬁnitions.
Deﬁnition 2. Identity tensor. The identity tensor I ∈
RN1 ×N1 ×N3 is a tensor whose ﬁrst frontal slice I(:, :, 1)
is the N1 × N1 identity matrix and all other frontal slices are
zero.
Deﬁnition 3. Tensor transpose. The transpose of tensor T is
the N2 × N1 × N3 tensor T  obtained by transposing each of
the frontal slices and then reversing the order of transposed
frontal slices 2 through N3 , i.e., for k = 2, 3, ..., N3 , T  (:, :
, k) = (T (:, :, N3 + 2 − k)) (the transpose of matrix T (:, :
, N3 + 2 − k)).
Deﬁnition 4. Orthogonal tensor. A tensor Q ∈ RN1 ×N1 ×N3
is orthogonal if it satisﬁes Q ∗ Q = Q ∗ Q = I.
Deﬁnition 5. f-diagonal tensor. A tensor is called f-diagonal
if each frontal slice of the tensor is a diagonal matrix, i.e.,
T (i, j, k) = 0 for i = j, ∀k.
Using these deﬁnitions one can obtain the t-SVD deﬁned
in the following result from [1]. Please see Figure 1 for a
graphical representation.
Theorem 1. t-SVD. A tensor T ∈ RN1 ×N2 ×N3 , can be decomposed as T = U ∗ Θ ∗ V  , where U and V are orthogonal
tensors of sizes N1 × N1 × N3 and N2 × N2 × N3 respectively, i.e. U  ∗U = I and V  ∗V = I and Θ is a rectangular
f-diagonal tensor of size N1 × N2 × N3 .
Deﬁnition 6. Tensor tubal-rank. The tensor tubal-rank of a
third-order tensor is the number of non-zero ﬁbers of Θ in the
t-SVD.
In this framework, the principle of dimensionality reduction follows from the following result from [1] 1 .
1 Note that Θ in t-SVD is organized in a decreasing order, i.e., ||Θ(1, 1, :
)||F ≥ ||Θ(2, 2, :)||F ≥ ..., which is implicitly deﬁned in [4] as the algorithm for computing t-SVD is based on matrix SVD. Therefore, the best
rank-r approximation of tensors is similar to PCA (principal component analysis).

We now deﬁne the notion of tensor-column space - Under
the proposed framework, a tensor-column subspace of a 3D
tensor T is the space spanned by the lateral slices of U under
the t-product, i.e., the set generated by t-linear combinations
like so,
t-colspan(U ) = {X =

r


U (:, j, :)∗cj ∈ RN1 ×1×N3 , cj ∈ RN3 },

j=1

where r denotes the tensor tubal-rank.
3. ADAPTIVE TENSOR COMPLETION
We consider a three-dimensional tensor of size N1 ×N2 ×N3 ,
where N1 N2 locations have N3 features each, e.g. corresponding to RSS values from N3 access points. Let M ≤
N1 N2 denote the sampling budget, i.e., we can sample the
tensor ﬁbers along the third dimension at M reference points.
We model the partial observation model under tubalsampling as follows:
Y = PΩ (T ) + PΩ (N ), Ω ⊂ G,

(1)

where the (i, j, k)-th entry of PΩ (X ) is equal to X (i, j, k) if
(i, j) ∈ Ω and zero otherwise, i.e. we sample the entire tensor
ﬁber T (i, j, :), Ω being a subset of the locations G and of size
M , and N is an N1 × N2 × N3 tensor with i.i.d. N (0, σ 2 )
elements, representing the additive Gaussian noise. To cut
down the survey burden, we measure the feature values of
a small subset of reference points and then estimate T from
the samples Y. Under the assumption that tensor T has lowtubal-rank and given a sampling budget M , we want to solve
the following optimization problem.
T̂ , Ω̂ = arg min ||PΩ (Y −X )||2F +λ·rank(X ), : |Ω| ≤ M,
X ,Ω

(2)
where X is the decision variable, rank(·) refers to the tensor
tubal-rank, M is the sampling budget, and λ is a regularization parameter.
Note - We want to emphasize again that the we are interested in sampling tensor ﬁbers and not element-wise sampling
as is the focus of many recent papers.
Tensor completion with adaptive tubal-sampling - The
optimization problem of Equation (2) contains two goals: (1)
For a given low-tubal-rank tensor X , to select a set Ω with the
smallest cardinality and the corresponding samples Y, preserving most information of tensor X , i.e., one can recover
X from Ω and Y. (2) For a given set Ω and samples Y, to
estimate a tensor X that has the least tubal-rank. However,
these two goals are intertwined together and one cannot expect a computationally feasible algorithm to get the optimal



(1 − δ)M samples are allocated to those highly informative
columns identiﬁed by the 1st-pass sampling. Finally, tensor
completion on those M RF ﬁngerprints is performed to rebuild a ﬁngerprint database. The provable optimality of this
scheme rests on these three assumptions about T .
• T is embedded in an r-dimensional tensor-column subspace U , r  min(N1 , N2 );
• Learning U requires to know only r linearly independent lateral slices;2

Fig. 2. A 3D tensor with its lateral slices. The lateral slices
can be seen as column vectors, with tubal elements. The engineer performs site survey at a few random selected reference points (with red color) of the j-th tensor-column of T .
Knowing the r-dimensional tensor-column subspace U , one
can recover the j-th lateral slice T (:, j, :).
solution. Therefore, we set |Ω| = M and seek to select a
set Ω and the corresponding samples Y that span the lowdimensional tensor-column subspace of T . The focus of this
section is to design an efﬁcient sampling scheme and to provide a bound on the sampling budget M for reliable recovery.
To achieve this, we design a two-pass sampling scheme
inspired by [15]. The pseudo-code of our adaptive sampling
approach is shown in Algorithm 1. The inputs include the
grid map G, the sampling budget M , the size of the tensor,
N1 , N2 , N3 , the allocation ratio δ, and the number of iterations L. The algorithm consists of three steps. The 1stpass sampling is a uniform tubal-sampling, while the 2ndpass sampling outputs an estimate Û of the tensor-column
subspace U in L rounds, as explained below.
Algorithm 1 Tensor completion based on adaptive sampling
Input: parameters G, M, N1 , N2 , N3 , δ, L
1st-pass sampling:
Uniformly sample δM/N2 reference points from each colN
2 1
umn of the grip map G, denoted as Ω1j . Ω1 =
Ωj .
j=1

2nd-pass sampling:
Û ← ∅, Π ← {1, 2, ..., N2 }.
for l = 1 : L do
||P ⊥ (T (:,Ω1 ,:))||2
Estimate p̂j = ||PÛ ⊥ (T (:,Ωj1 ,:))||F2 , ∀j ∈ Π.
Û

F

columns of G according to p̂j for
Sample s = (1−δ)M
N2 L
l
∀j ∈ Π, denoted as Πs .
Calculate U ←

PÛ ⊥ (T (:,Πls ,:))
||PÛ ⊥ (T (:,Πls ,:))||F

, and update Û ← Û ∪

U (concatenate U to Û).
Π ← Π/Πls (set subtraction).
end for
Estimate T̂ (:, j, :) = Û ∗ (ÛΩTj ∗ ÛΩj )−1 ∗ ÛΩTj ∗ T (Ωj , j, :).
In particular the total sampling budget M (< N1 N2 ) is divided into δM and (1 − δ)M for these two sampling passes
and δ is called the allocation ratio. In the 1st-pass sampling,
we randomly sample δM/N2 out of N1 reference points in
each column of G. In the 2nd-pass sampling, the remaining

• Knowing U, randomly sampling a few tubes of the j-th
column is enough to recover the lateral slice T (:, j, :);
• One can then concatenate all estimated lateral slices to
form an estimated tensor.
However, we do not know the value of r a priori nor the
linearity between any two lateral slices. Ideally, this problem can be solved by sampling each column according to the
probability distribution where the probability pj of sampling
the j-th lateral slice is proportional to ||PU ⊥ T (:, j, :)||2F , i.e,
||P

T (:,j,:)||2

F
U⊥
. Updating the estimate of U iteratively,
pj = ||P
T ||2F
U⊥
when cr (c > 1 is a small constant) columns are sampled, we
can expect that with high probability, ||PU ⊥ T (:, j, :)||2F = 0,
∀j. Note that PU ⊥ (·) denotes projection onto the orthogonal
space of U ; in t-product form, PU = U ∗ (U T ∗ U )−1 ∗ U T ,
PU ⊥ = I − PU [1].
The challenge is that we cannot have the exact sampling probability pj without sampling all reference points of
the grid map G. Exploiting the spatial correlation, one can
estimate the sampling probability from missing data (sub-

||P

⊥ (T

(:,Ω1 ,:))||2

sampled data), as p̂j = ||PU ⊥ (T (:,Ωj1 ,:))||F2 in Algorithm 1.
F
U
Under some conditions we can prove that p̂j is a good estimation of pj and hence the algorithm performs as expected.
Performance bounds - The results and conditions with
proof for the success of the algorithm are outlined in the paper
[25]. Essentially the algorithm succeeds with high probability
if the number of measurements M > O(rN log2 N ) where
N = max{N1 , N2 } and if the energy is not concentrated on a
few horizontal slices of the tensor. This condition is referred
to as the tensor incoherency condition. In contrast to the incoherency conditions on both the lateral and the horizontal
slices as required in [10] under random elementw-wise nonadaptive sampling, we only require the incoherency of the lateral slices when using the proposed adaptive tubal-sampling
scheme.
4. PERFORMANCE EVALUATION - RF
FINGERPRINT DATA COMPLETION
We select a region of 47.5m × 59.7m in a real ofﬁce building, as shown in Fig. 3. It is divided into a 476 × 598 grid
2 Note: A collection of r lateral slices U (:, j, :), j = 1, ..., r are said to

be linearly independent (in the proposed setting) if rj=1 U (:, j, :) ∗ cj =
0 =⇒ cj = 0, ∀j.
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Fig. 3. RSS map for simulations measured in dBm.

where T̂ is the estimated tensor, Ωc is the complement of Ω.
For comparison, we consider three algorithms, tensor
completion (TC) under uniformly random tubal-sampling
and using the algorithm proposed in [4, 10], using the facewise matrix completion (MC) algorithm in [18], and tensor
completion via matricization or ﬂattening (MC-ﬂat) [24] under uniform element-wise sampling of the 3D tensor, using
the AltMin algorithm for matrix completion [6].
Fig. 4 shows the RSS tensor recovery performance for
varying sampling rate. Compared schemes are matrix completion and tensor completion via uniform sampling, and
adaptive sampling with allocation ratio δ = 1/4 and δ = 1/2.
We ﬁnd that all tensor approaches are better than matrix completion, this is because tensor exploits the cross correlations
among access points while matrix completion only takes advantage of correlation within each access point. Both AS
schemes outperform tensor completion via uniform sampling
since adaptivity can guide the sampling process to concentrate
on more informative entries. Allocating equal sampling budget for the 1st-pass and the 2nd-pass gives better performance
than uneven allocation. This shows that the 1st-pass and the
2nd-pass have equal importance. The proposed scheme (AS
with δ = 1/2) rebuilds a ﬁngerprint data with 5% error using
less than 30% samples.
We collected a WiFi RSS data set in the same ofﬁce. The
data set contains 89 selected locations and 31 access points.
Since the locations are not exactly on a grid, we set the grid
size to be 3m × 5m, and apply the k-nearest neighbor (KNN)
method to extract a full third-order tensor as the ground truth.

40

50

60

70

Sampling Rate * 100 (%)

80

90

100

Fig. 4. Tensor recovery for varying sampling rate. MC denotes matrix completion via uniform sampling, TC denotes
tensor completion via uniform sampling, while AS-1/4 and
AS-1/2 denote our adaptive sampling scheme with allocation
ratios δ = 1/4 and δ = 1/2, respectively. MC-ﬂat denotes
completion by ﬂattening the 3-D data into a matrix of locations × APs and using matrix completion, an approach followed in [12].
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map. There are 15 access points randomly deployed within
this region. The ray tracing model [16, 17] is adopted, modeling all the propagation effects and a 476 × 598 × 15 tensor
is obtained as the ground truth containing the received signal
strength (RSS) values from different access points, measured
in dBm.
Varying the spatial sampling rate from 10% to 90%, we
quantify the recovery error in terms of normalized square of
error (NSE) for entries that are not sampled, i.e., recovery
error for set Ωc . The NSE is deﬁned as:

2
(i,j)∈Ωc ||T̂ (i, j, :) − T (i, j, :)||F

,
(3)
N SE =
2
(i,j)∈Ωc ||T (i, j, :)||F
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Fig. 5. Tensor recovery in the real-world data set. The same
legend as in Fig. 4
To be speciﬁc, for each grid point, we set its RSS vector by
averaging the RSS vectors from the nearest three (k = 3)
locations. The ground truth tensor has dimension 10×10×31.
Fig. 5 shows the RSS tensor recovery performance for
the real-world data set. First, as compared with Fig. 4, we see
that the recovery performance on real-world data is inconsistent with that of simulated data. Second, for real-world data
set, tensor model is superior to matrix model. The reason is
tensor can better exploit the spatial correlations of RSS values
across multiple access points. In our case, a major ingredient
for the recovery improvement may be the large number of
access points (i.e., 31), compared with the dimension of the
grid (i.e., 10x10). Third, as expected, the propose adaptive
scheme achieves better recovery performance.
5. CONCLUSIONS
In this paper, an adaptive sampling approach is proposed to
relieve the number of locations at which feature vectors are
measured. For low tubal-rank tensors, we proposed an algorithm for adaptive sampling. We show that the proposed
scheme achieves near-optimal sampling complexity.



References
[1] M. Kilmer, K. Braman, and N. Hao, “Third order tensors as operators on matrices: A theoretical and computational framework with applications in imaging,” SIAM
Journal on Matrix Analysis and Applications, vol. 34,
no. 1, pp. 148-172, 2013.

[13] S. Nikitaki, G. Tsagkatakis, and P. Tsakalides, ”Efﬁcient
Training for Fingerprint Based Positioning Using Matrix Completion,” in Proc. 20th European Signal Processing Conference (EUSIPCO ’12), Boucharest, Romania, August 27-31, 2012.

[2] Y. Koren, R. M. Bell, and C. Volinsky, “Matrix factorization techniques for recommender systems,” IEEE
Computer, 42(8):30-37, 2009.

[14] G. Tsagkatakis and P. Tsakalides, ”Efﬁcient recalibration via Dynamic Matrix Completion,” in Proceedings
of the 23th IEEE Machine Learning for Signal Processing Workshop (MLSP ’13), Southampton, UK, September 22-25, 2013

[3] J. Liu, P. Musialski, P. Wonka, and J. Ye, “Tensor Completion for Estimating Missing Values in Visual Data,”
IEEE Transaction on Pattern Analysis and Machine Intelligence, 2012.

[15] A. Deshpande, L. Rademacher, S. Vempala, and
G. Wang, “Matrix approximation and projective clustering via volume sampling,” ACM-SIAM SODA, pp. 11171126, 2006.

[4] Z. Zhang, G. Ely, S. Aeron, N. Hao, and M. Kilmer,
“Novel methods for multilinear data completion and denoising based on tensor-SVD,” IEEE CVPR, 2014.

[16] 3D Indoor Standard Ray Tracing (software): http://awecommunications.com/Propagation/Indoor/SRT/index.htm

[5] G. Ely, S. Aeron, N. Hao, and M. Kilmer, “5D and
4D Pre-stack seismic data completion using tensor nuclear norm (TNN),” in Proc. 2013 SEG Annual Meeting,
Sept. 2013.
[6] Prateek Jain, Praneeth Netrapalli, and Sujay Sanghavi,
“Low-rank matrix completion using alternating minimization”, In Proceedings of the forty-ﬁfth annual ACM
symposium on Theory of computing (STOC), 2013,
New York, NY, USA, 665-674
[7] Y. Zhang, Y. Zhu, M. Lu, A. Chen, “Using compressive sensing to reduce ﬁngerprint collection for indoor
localization,” IEEE Wireless Communications and Networking Conference (WCNC), pp. 4540-4545, 2013.
[8] Y. Hu, W. Zhou, Z. Wen, Y. Sun, and B. Yin, “Efﬁcient
radio map construction based on low-rank approximation for indoor positioning,” Mathematical Problems in
Engineering, vol. 2013, 2013.
[9] T.G. Kolda and B.W. Bader, “Tensor decompositions
and applications,” SIAM review, vol. 51, no. 3, pp. 455500, 2009.
[10] Z. Zhang and S. Aeron, “Exact tensor completion using
the t-SVD,” submitted to IEEE Transactions on Signal
Processing), 2015.
[11] A. Krishnamurthy and A. Singh, “Low-rank matrix and
tensor completion via adaptive sampling,” Neural Information Processing Systems (NIPS), 2013.
[12] S. Nikitaki, G. Tsagkatakis, and P. Tsakalides, ”Efﬁcient Multi-Channel Signal Strength based Localization
via Matrix Completion and Bayesian Sparse Learning,”
IEEE Transactions on Mobile Computing, To Appear,
Available Online at IEEE Explore.

[17] A. Kaya, L. Greenstein, W. Trappe W, “Characterizing indoor wireless channels via ray tracing combined
with stochastic modeling,” IEEE Transactions on Wireless Communications, 8(8): 4165-4175, 2009.
[18] L. Kong, M. Xia, X.-Y. Liu, M.-Y. Wu, and X. Liu,
“Data loss and reconstruction in sensor networks,” IEEE
INFOCOM, 2013.
[19] J. Cai, E.J. Candès, and Z. Shen, “A singular value
thresholding algorithm for matrix completion,” SIAM
Journal on Optimization, 20(4): 1956-1982, 2010.
[20] L. Balzano, B. Recht, and R. Nowak, “Highdimensional matched subspace detection when data are
missing,” IEEE ISIT, 2010.
[21] Y. Wang and A. Singh, “Column subset selection with
missing data via active sampling,” Artiﬁcial Intelligence
and Statistics (AISTATS), 2015.
[22] S. Bhojanapalli and S. Sanghavi, “A New Sampling
Technique for Tensors,” arXiv:1502.05023, Feb 2015.
[23] P. Jain and S. Oh, “Provable Tensor Factorization with
Missing Data,” in Proc. NIPS, 2014.
[24] S. Gandy, B. Recht, and I. Yamada, “Tensor completion and low-n-ranktensor recovery via convex optimization,” Inv. Probl., vol. 27, no. 2, 2011
[25] X. Liu, S. Aeron, V. Aggarwal, X. Wang, and M.
Wu, “Fine-grained Indoor Localization with Adaptively Sampled RF Fingerprints,” arXiv:1508.02324,
Aug 2015.



